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Abstract
The formation and amplification of streamwise velocity perturbations induced
by cross-stream disturbances is ubiquitous in shear flows. This disturbance growth
mechanism, so neatly identified by Ellingsen and Palm in 1975, is a key process
in transition to turbulence and self-sustained turbulence. In this review, we first
present the original derivation and early studies and then discuss the non-modal
growth of streaks, the result of the lift-up process, in transitional and turbulent
shear flows. In the second part, the effects on the lift-up process of additives in the
fluid and of a second phase are discussed and new results presented with emphasis
on particle-laden shear flows. For all cases considered, we see the lift-up process to
be a very robust process, always present as a first step in subcritical transition.
1 Introduction
1.1 ”Stability of linear flow”
This is the title of a research note in Physics of Fluids of less than two pages
published in 1975 by Ellingsen and Palm. In this work, the authors identify
a linear mechanism responsible for the amplification of fluctuations in shear
flows. In their own words, a finite disturbance independent of the streamwise
coordinate may lead to instability of linear flow, even though the basic velocity
does not possess any inflection point. This mechanism, later denoted lift-up
effect, is a key process in the laminar-turbulent transition in shear flows and
in fully developed turbulence, as will be discussed in this review.
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At the time of their note, the main general results for the linear stability of
shear flows were Rayleigh, Fjørtoft and Howard criteria (Drazin and Reid,
1981). Rayleigh’s criterion states that a necessary condition for the instability
of a parallel shear flow is that the basic velocity profile has an inflection
point (Rayleigh, 1880). Later Fjørtoft (1950) showed that the vorticity needs
to have a maximum at the inflection point. Howard (1961) proved that the
complex phase velocity of an exponential wave must lie within a semi-circle
having a diameter equal to the difference between the largest and the smallest
velocity of the parallel base flow. These theorems are valid in an inviscid
and not stratified fluid and were obtained by considering two-dimensional
infinitesimal perturbations, i.e. directly from the linearized Rayleigh equation
for the stability of a parallel shear flow. Squire’s theorem (1933) states that
two-dimensional disturbances are the first to become unstable in parallel shear
flows and thus they determine the critical Reynolds number; this had restricted
the stability analyses to two-dimensional normal modes (exponential growth
or decay of periodic waves).
Ellingsen and Palm’s fundamental contribution is to show that three-
dimensional disturbances may lead to an instability other than modal, inde-
pendent of the existence of an inflection point. They note how this instability
can be responsible for transition to turbulence and acknowledge previous sug-
gestions by Høiland (referring to some unspecified lecture notes), who, how-
ever, did not draw full conclusions from his idea. Indeed, this new mechanism
is able to explain transition in subcritical conditions or in stable flows as in
the case of pipe flow (Hof et al., 2004).
We will shortly outline here the original derivations and denote a parallel
velocity profile as U = (U, V,W ) = (U(y), 0, 0) where U is the streamwise
velocity component and y and z the cross-stream coordinates. Considering an
inviscid, incompressible and not stratified flow bounded by two parallel planes
and a disturbance independent of the streamwise coordinate x, the equation for
the streamwise component of the momentum and for the streamwise vorticity
component reduce to
Du
Dt
= 0;
Dξ
Dt
= 0. (1)
Introducing a streamfunction Ψ for the cross-stream components,
v =
∂Ψ
∂z
, w = −∂Ψ
∂y
;
and linearizing one obtains
∂u
∂t
+ v
dU
dy
= 0 (2)
2
for the streamwise disturbance velocity and
∂
∂t
∇21Ψ = 0 (3)
for the cross-stream flow, where ∇21 is the two-dimensional Laplacian. From
eq.(3), we see that the cross-stream velocity components are independent of
time, i.e. a streamwise independent perturbation v will not grow or decay in
an inviscid flow. Equation (2) can be integrated
u = u(0)− vdU
dy
t (4)
to show that the perturbation u grows linearly in time, from which also the
name of algebraic inviscid instability. It is hence shown that any shear flow
U(y) is unstable to streamwise independent disturbances in the cross-stream
velocity components.
This first part of the original paper, based on a linear analysis, is probably
the most known and commonly used as a reference for the optimal transient
growth of x-independent perturbations in viscous flows, see Schmid and Hen-
ningson (2001) and discussion below. Indeed, we will see that infinitely long
streamwise vortices are the most dangerous initial conditions in shear flows:
they lead to the formation of streamwise streaks, elongated regions of posi-
tive and negative streamwise velocity, by redistributing streamwise momentum
across the shear layer.
Ellingsen and Palm, in addition, show that the equations (1) can be solved also
for finite-amplitude perturbations. The conservation of streamwise vorticity
can be re-written as
∂
∂t
∇21Ψ +
∂Ψ
∂z
∂
∂y
∇21Ψ−
∂Ψ
∂y
∂
∂z
∇21Ψ = 0, (5)
which admits solution of the form
∇21Ψ = f(Ψ),
∂Ψ
∂t
= 0, (6)
with f an arbitrary function. If f is a linear function, the cross-stream motion
is represented by a set of closed streamlines. The conservation of momentum
in the streamwise direction then implies that the velocity u is conserved dur-
ing the motion along these closed streamlines. A fluid particle in its orbit in
the x-y plane will, therefore, have a u velocity equal to the value of the basic
flow at the initial position of that particle. This value will be different from the
initial local value of u, the more the larger the vertical particle displacement
in a homogeneous shear. As the period can be different along different stream-
lines, the motion is aperiodic with a complete redistribution of streamwise
3
momentum. This is independent of the initial disturbance amplitude and may
lead to large velocity gradients that, in turn, can support new instabilities:
It is possible of course that the developed motion is unstable. Owing to the
large vorticity concentrations this indeed seems very likely so that the motion
already discussed is valid only for a short span of time. This is indeed what
happens in the case of secondary streak instability, where an inflectional type
of instability develops on the regions of largest vorticity induced by streamwise
elongated perturbations (Reddy et al., 1998; Andersson et al., 2001; Brandt
et al., 2003). However, the vertical displacement of fluid particles by the cross-
stream momentum is not observed only for a short time, as cautiously stated
by Ellingsen and Palm. This is a key ingredient not only for the breakdown
to turbulence but also in the dynamics of wall-bounded turbulence, as we will
show in this review.
Ellingsen and Palm conclude that, despite their analysis is limited to the case
of streamwise independent disturbances, the equations are valid also when the
base flow has an angle with the x-direction, U = (U(y), 0,W (y)). For small
angles, the physical mechanisms at play (cross-stream displacement of fluid
particles that retain their horizontal momentum) is the same. For larger an-
gles, however, the variations of the streamwise velocity u are much smaller as
the disturbance field has a component in the x-direction. This seminal paper
ends by stating that by same reasoning we obtain the result that an inviscid
channel flow is always unstable for perturbations independent of the stream-
wise coordinate. This explains the first stage of the subcritical transition to
turbulence in pipe flow, a problem that puzzled scientists for over a century
(Eckhardt et al., 2007; Mullin, 2011). Indeed the lift-up effect becomes the
main responsible for disturbance energy growth when no other modal insta-
bilities are present.
1.2 Early inviscid studies
In a review paper from 1969 about shear-flow turbulence, Phillips reports a
previous analysis by Moffatt aiming to explore whether a disturbance can
maintain itself by interactions with the mean shear (Moffatt, 1967; Phillips,
1969). Considering the interactions between middle-size eddies and a uniform
shear flow, U = Sy, Moffatt determined solutions of the linearized Navier–
Stokes equations for three-periodic velocity perturbations and pressure
ui = Ai(t) exp[i(k(t) · x)]; p = pi(t) exp[i(k(t) · x)] (7)
with wavenumber
k(t) = (kx, ky, kz) = [kx(0), ky(0)− Stkx(0), kz(0)]. (8)
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The latter expression indicates that each Fourier component is tilted by the
shear, where the lines of constant phase move closer together and rotate until
they become asymptotically parallel to the planes defined by a constant value
of the coordinate y. Moffatt also derives a dynamical equation of the velocity
amplitudes Ai and shows that for streamwise independent modes (kx = 0) the
solution can be written as
Ax(t) = Ax(0)− StAy(0); Ay(t) = Ay(0) : Az(t) = Az(0). (9)
The streamwise velocity perturbation grows linearly in time if the initial dis-
turbance has a non-zero component in the wall-normal direction, as shown
by Ellingsen and Palm for a bounded shear flow and any general disturbance
shape in the linear and nonlinear regime. A superposition of periodic distur-
bances evolves towards a series of horizontal structures with a vanishing cross-
stream velocity components and vanishingly small scales in the y-direction,
something which would accelerate viscous dissipation. Moffatt calculated the
Reynolds stress associated to these structures and showed that the flow will
asymptotically tend to one dominated by large-scale structures, independent
of the x-coordinate. Phillipps notes in his review that the disturbance am-
plification computed by Moffatt corresponds to cross-stream displacement of
fluid particles retaining their original streamwise momentum but this can-
not explain how turbulence is sustained although there is abundant evidence
of the presence of such elongated structures in wall turbulence. Studies of
homogenous-shear turbulence shed anyway light on the energy transfer among
Fourier modes represented by the tilting of the disturbance and the lifting of
the elongated streaks observed in turbulence.
As mentioned above, the historical basis for the paper by Ellingsen and Palm
was the work on hydrodynamic stability by Palm’s mentor Einar Høiland.
Remarkably, Palm’s paper was his last contribution to the stability analysis
of homogeneous fluids. Nobody in Norway followed up this research. This was
however continued in Sweden, due to the influence of Palm’s friend, Ma˚rten
Landahl. Few years later, Landahl (1975) studied the dynamics of shear flow
turbulence and the burst events, always associated to a low-speed streak lift-
ing from the surface and forming locally a highly inflectional velocity profile.
As these are deterministic and repeatable events he carried out a mechanistic
analysis based on the linearized equations and a two-scale model (triple decom-
position). Landahl shows that the large-scale streamwise-velocity fluctuations
produced by a localized burst elongate in the streamwise direction: his anal-
ysis shows that the disturbance created by the burst will leave a ”permanent
scar” in the flow, convected downstream with the local flow velocity. In reality,
viscosity will of course make this disturbance decay, but on a time scale much
greater than the decay time of the transient wall-normal velocity disturbances
produced during the burst. Landahl predicts that the perturbations produced
by the longer waves have larger speeds as they have their maxima further
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away from the wall, hence the streak will appear to move towards the wall to
a fixed observer (see the experiments in Lundell and Alfredsson, 2004).
Landahl (1975) writes the counterpart of equation(2) for the large scale tur-
bulent motions u˜′ neglecting stress and pressure gradient
∂u˜′
∂t
+ U
∂u˜′
∂x
+ v˜′
dU
dy
= 0, (10)
and shows that its solution is the linear analogous of Prandtl’s mixing length
hypothesis that each fluid particle would retain its horizontal momentum as
it is displaced normal to the wall. Concluding, Landahl notes that the inter-
pretation proposed is based on a reverse cascade of energy, from small-scale
bursts to large scale turbulent fluctuations, i.e. the opposite of classical tur-
bulence theory with a energy cascade to smaller and smaller scales until vis-
cous dissipation provides a cut-off mechanism. This is indeed the peculiarity
of wall-bounded turbulence that makes modeling of these flow a particularly
hard problem.
Landahl (1980) considers the evolution in space and time of an arbitrary
three-dimensional initial disturbance and shows that a wide class of three-
dimensional disturbances gives rise to a perturbation kinetic energy growing
at least as fast as linearly with time in any inviscid shear flow. This is because
the size of the perturbed region grows linearly in time while the streamwise
velocity disturbance does not decrease as t → ∞. To show this, Landahl
introduces an average in the streamwise direction
u¯ =
∫ ∞
−∞
u dx. (11)
and shows that p¯ = 0 and that v¯ = v¯0 is independent of time. Integration of
the streamwise-averaged streamwise momentum equation (cf. eq. 2) gives that
u¯ = u¯0 − tv¯0dU
dy
. (12)
The fact that the integrated streamwise momentum increases linearly in
time does not imply that u increases, since the disturbance may and indeed
does spread in time. Mathematically we retrieve the same behavior as x–
independent disturbances (Ellingsen and Palm, 1975) but for a localized dis-
turbance. Using Schwartz’s inequality and introducing the positive quantities
γ and [U ] = Umax − Umin where the latter two are the maximum and mini-
mum velocity of the base flow, Landahl shows that the total integrated kinetic
energy of the disturbance
E =
1
2
∫ ∞
−∞
(u2 + v2 + w2) dx >
1
2([U ] + 2Γ)
v¯20(
dU
dy
)2t. (13)
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In other words, the total kinetic energy of a localized disturbance with v¯0 6= 0
will grow at least linearly with time. This results holds for asymptotically
stable and unstable shear flows: any inviscid shear flow will experience the
growth of three-dimensional disturbances provided v¯0 6= 0. For flows without
an inflection point this growth is associated to the streamwise velocity distur-
bance u and explains the tendency of transition and turbulent shear flows to
develop longitudinal streaky structures.
The asymptotic analysis in the appendix of Landahl (1980) shows that the
velocity perturbation u remains bounded as t → ∞ and the streamwise ex-
tension of the disturbed region grows linearly in time: elongated streaks will
therefore form in a shear flow. The evolution of the maximum streamwise ve-
locity was studied more recently by means of numerical simulations at increas-
ing Reynolds number by Lundbladh (1993). It is observed that the stream-
wise velocity amplitude growth is logarithmic in time after an initial transient
whereas the energy grows linearly in time in the inviscid limit as predicted by
Landahl.
2 Linear stability and transition to turbulence
2.1 The effect of viscosity
The viscous counterpart of the solution obtained in Ellingsen and Palm (1975)
is derived in Hultgren and Gustavsson (1981). These authors consider a bound-
ary layer and perturbations with zero streamwise dependence and write the
equation for the streamwise disturbance velocity
∂u
∂t
− 1
Re
(
∂2
∂y2
+
∂2
∂z2
)
u = −U ′v. (14)
For small times, t/Re 1, the vertical velocity v remains constant
v(y, z, t) = v0(y, z) +O(t/Re), (15)
as demonstrated in Hultgren and Gustavsson (1981) using a Fourier-Laplace
transform. The streamwise velocity component can be obtained as the so-
lution to a diffusion equation with forcing proportional to the wall-normal
velocity, see equation(14). For small times t/Re 1, application of standard
asymptotic techniques (see Hultgren and Gustavsson, 1981) gives
u(y, z, t) ∼ u0(y, z) +O(t/Re)
−
∫ t
0
[
vU ′ +
τ
Re
(
∂2
∂y2
+
∂2
∂z2
)
vU ′
]
dτ. (16)
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The first term in the integral, the only non-vanishing term for large Reynolds
numbers, leads to an algebraic growth in time
u(y, z, t) ∼ −v0(y, z)U ′t. (17)
This recovers the inviscid result of Ellingsen and Palm (1975) for bounded
flows.
2.2 The disturbance transient growth
The viscous linear stability of parallel shear flows is described by the Orr-
Somemrfeld and Squire system for the perturbation wall-normal velocity and
vorticity η (Schmid and Henningson, 2001). Introducing wavelike solutions of
the form
v(x, y, z, t) = vˆ(y, t) ei(αx+βz) (18)
η(x, y, z, t) = ηˆ(y, t) ei(αx+βz). (19)
where α and β are the streamwise and spanwise wavenumbers, the equations
governing the time evolution of any initial disturbance read[
(
∂
∂t
+ iαU)(D2 − k2)− iαU ′′ − 1
Re
(D2 − k2)2
]
vˆ = 0 (20)[
(
∂
∂t
+ iαU)− 1
Re
(D2 − k2)
]
ηˆ = −iβU ′vˆ (21)
with boundary conditions vˆ = Dvˆ = ηˆ = 0 at solid walls and in the free
stream. In the expressions above, k2 = α2 + β2 whereas D and ′ denote ∂/∂y.
Introducing the vector vˆ
ηˆ
 (22)
the Orr-Sommerfeld and Squire equations can be written in matrix form as
∂
∂t
k2 −D2 0
0 1

vˆ
ηˆ
+
LOS 0
iβU ′ LSQ

vˆ
ηˆ
 = 0 (23)
where
LOS = iαU(k2 −D2) + iαU ′′ + 1
Re
(k2 −D2)2 (24)
LSQ = iαU + 1
Re
(k2 −D2). (25)
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The solution to this system, including boundary conditions, determines the be-
havior of disturbances in parallel shear flows. The evolution of vˆ is described
by the homogeneous equation (20) with homogeneous boundary conditions
and can be determined once the initial data are given. In contrast, the off-
diagonal coupling term, iβU ′, in the matrix implies that the Squire equation
is driven by solutions to the Orr-Sommerfeld equation, unless vˆ or β is zero.
Because (21) is the linearized form of the evolution equation for normal vor-
ticity, and the forcing term stems from the linearized vortex tilting term, the
forcing mechanism is also denoted as vortex tilting. This forcing originates the
algebraic instability uncovered by Ellingsen and Palm.
To show the potential for transient growth of the disturbance in the viscous
case, we derive the solution of the forced Squire equation (see Schmid and
Henningson, 2001, for more details). This non-modal growth mechanisms may
dominate over the asymptotic behavior predicted by the eigenmodes for short
times. For simplicity we assume that the wall-normal velocity perturbation
can be described by only one mode of the Orr-Sommerfeld operator LOS
vˆ = v˜l e
−iαclt, (26)
with cl the phase speed of the eigenmode. The solution the equation for the
normal vorticity (21) using (26) as a forcing term consists of a homogeneous
and a particular solution
ηˆ = ηˆhom + η˜
p
l e
−iαclt (27)
where the time dependence of the particular solution is given by the eigenvalue
of LOS. We express the solution for ηˆhom and η˜pl in the eigenmodes of the
homogeneous part of the normal vorticity equation, LSQ. For the homogeneous
part we have the expansion
ηˆhom =
∑
j
Cj η˜j e
−iασjt (28)
where η˜j are the Squire modes with σj the corresponding eigenvalues and Cj
are the expansion coefficients obtained by a projection of the initial condi-
tion using the adjoint eigenmodes. After the wall-normal profile of η˜pl is also
expressed as an eigenmode expansion, the normal vorticity becomes
ηˆ =
∑
j
Cj η˜j e
−iασjt +
∑
j
Djl
e−iαclt − e−iασjt
αcl − ασj (29)
where Djl are the expansion coefficients for the forcing term U
′v˜l.
We now consider the evolution over finite times in the limit Re→∞ and α→
0. Multiplying the Orr-Sommerfeld and Squire equations with their respective
9
100 105
100
105
1010G(t)
t
Fig. 1. Optimal transient growth, disturbance energy at the optimization time over
the initial energy at time t = 0, for disturbances of wave vector (α, β) = (0, 2) in the
Poiseuille flow. Thin dashed lines indicate the growth for increasing values of the
Reynolds number, Re = 103, 104, 105, 106, 107 and the thick solid line the inviscid
limit, G ≈ 1 + 0.6t2.
complex conjugates and integrating over the domain, it is possible to show
that
ωOSl = αcl = −iµl/Re, (30)
ωSQj = ασj = −iνj/Re, (31)
where µl and νj are positive quantities of order one. In other words, the fre-
quency of these modes is inversely proportional to the Reynolds number and
all tend to zero as the Reynolds number approaches infinity. Substituting these
into the relations for the expansion coefficients and Taylor expanding for small
t/Re we find that
ηˆ =
∑
j
Cj η˜j
[
1− νjt/Re+O
(
t2
Re2
)]
−∑
j
iDjlη˜jt
[
1− (νl + µj) t
2Re
+O
(
t2
Re2
)]
. (32)
Considering only term of O(1) the solution to the Squire equation can be
finally written as
ηˆ = ηˆ0 − iβU ′vˆ0t+O
(
t
Re
)
. (33)
Again, as the Reynolds number approaches infinity and for α = 0, the stream-
wise velocity perturbation (proportional to η in this limit) grows linearly in
time. At finite Reynolds numbers the growth is only transient.
The transient growth of streamwise elongated disturbances is clearly identified
by an input-output or non-modal analysis (Schmid and Henningson, 2001;
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Fig. 2. (a) Vector plot of the optimal initial condition for Poiseuille flow at
Re = 2000 and perturbations of wave vector (α, β) = (0, 2) in the cross-stream
y − z plane. (b) Streamwise velocity of the flow at the time of maximum growth
t = 155 with G(t = 155) = 783.
Schmid and Brandt, 2014). The stability analysis is casted as an initial value
problem and the initial condition leading to the largest possible amplification
over a finite time horizon is sought. Formally, the optimal growth is defined
as
G(t) ≡ max
q0
||q||
||q0|| = maxq0
|| exp(tL)q0||
||q0|| = ||exp(tL)||. (34)
The largest possible amplification is therefore the largest singular value of the
evolution operator, T = exp(tL), and the initial condition and the correspond-
ing flow response are the left and right singular vectors, where for simplicity
we re-write our linear system as ∂q
∂t
= Lq. In equation (34), a meaningful norm
should be defined, typically the disturbance kinetic energy.
The flow receptivity can be analyzed by considering the flow response to a
harmonic excitation. In this case, the optimal gain is given by the largest
singular value of the resolvent operator (ωI − L)−1. The largest transient
growth in parallel shear flows is found for streamwise independent modes,
α = 0. The energy growth is proportional to Re2 while the time over which
the growth extends scales as Re. The optimal transient growth versus time
for different Reynolds numbers is displayed in figure 1: the algebraic growth
is clearly seen as the inviscid limit, as well as the scaling tmax ∝ Re. The
optimal initial condition and the corresponding flow at the time of maximum
energy are depicted in figure 2 for Poiseuille flow and the disturbance wave
vector yielding the largest overall transient growth, (α, β) = (0, 2). The initial
condition consists of a pair of streamwise counter-rotating vortices extending
across the channel width. The optimal response is two pairs of positive and
negative streamwise streaks located on each half of the channel.
From a mathematical point of view, the non-modal growth can be explained by
the non-normality of the the linearised operator describing the flow dynamics
and the associated non-orthogonal set of eigenmodes (Reddy and Henningson,
1993). If the state of the system has a strong projection on some of these highly
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Fig. 3. (a) Contour levels of maximum optimal response R in the α–β plane.
Minimum level 102, maximum level 104.5, contour spacing 100.15 (logarithmic). (b)
Contour levels of normalized sensitivity ∇UR/R of the optimal forcing with respect
to base flow modification in the α–β plane for Blasius flow at Re = 400. Minimum
level 100.7, maximum level 102.6, contour spacing 100.1 (logarithmic).
non-orthogonal eigenmodes the energy of the flow can experience a significant
transient growth (Schmid, 2007). This is now well-established, and indeed, any
stability analysis should not consider only the long-time behavior dictated by
the system eigenvalues but also the short-time flow response determined by a
non-modal analysis (see the tutorial by Schmid and Brandt, 2014).
2.3 Sensitivity to base flow modifications and role of linear amplification
The lift-up effect turns out to be a very robust mechanism, ubiquitous in shear
flows, often relevant if not dominating also in the presence of exponential in-
stabilities. As also discussed below, the lift-up turns out to be dominant at
moderate and high levels of external noise whereas modal instabilities, the so-
called Tollmien-Schlichting waves, are responsible for transition in low-noise
environments. Streaks are elongated structures modulated in the spanwise
direction whereas the fastest growing Tollmieng-Schlichting waves are two-
dimensional streamwise-dependent modes. The sensitivity of the lift-up effect
to the presence of an external forcing and to non-homogenous boundary con-
ditions (blowing and suction at the wall) is examined in Brandt et al. (2011).
Using a variational technique, these authors derive an analytical expression
for the gradient of the non-modal disturbance amplification with respect to
base-flow modifications and show how it depends on the overlap between the
optimal initial condition (the streamwise vortices) and the flow at the opti-
mization time (the streaks). When examining the flow receptivity to an ex-
ternal forcing in the frequency domain, the sensitivity is similarly given by
the overlap between the optimal forcing and the optimal response of the flow.
As an application, the zero-pressure-gradient boundary layer flow is examined
where the different instability mechanisms of wall-bounded shear flows are at
work. The analysis in Brandt et al. (2011) is extended here to demonstrate the
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robustness of the lift-up mechanism: base-flow modifications can deeply alter
the Tollmien-Schlichting instability whereas the amplification of streamwise
streaks is indeed a strong process.
We define R(ω, α, β;Re, U) the optimal response of the system to a time-
periodic forcing of frequency ω and wave-number α and β, for a fixed Reynolds
number Re and base flow U , the Blasius boundary layer in this case. Two peaks
are clearly distinguishable when plotting the maximum amplification for the
frequency ω maximizing the amplificationRω(α, β;Re) in the (α, β) plane: the
largest of them is located approximately at (α, β) = (0, 0.2) and is due to the
lift-up effect, while the second lower peak is for two-dimensional perturbations,
β = 0, with stream-wise wavenumber α ≈ 0.3, see figure3(a). The sensitivity
to variations of the base flow ∇UR(y;ω, α, β), i.e. the gradient of the largest
singular value of the resolvent operator with respect to base flow modifications,
is shown in figure 3(b). The wall-normal maximum of the gradient is chosen
as a measure of the sensitivity. To directly show the potential for stabilization,
the gradient is normalized with the corresponding energy gain Rω(α, β;Re).
As shown in Brandt et al. (2011), the region where base flow modification may
modify the disturbance amplification due to the lift-up effect spreads out all
over the flat plate and even upstream of it in the free stream, which make
difficult to devise a passive effective control strategy. Conversely, modification
in the shear layer, close to the wall, can significantly effect the exponential
growth of the modal instabilities. The wall-normal profiles of the gradient to
base flow modifications ∇UR(y) for the two dominant instabilities in the par-
allel Blasius flow are reported in figure 4. The weak sensitivity of the lift-up
process is directly seen by examining the expression for the gradient of the
resolvent norm and is related to the so-called component-wise non-normality
(Chomaz, 2005). This concentrates the optimal forcing and response on dif-
ferent components of the velocity field, so that the overlap between the two
perturbation vectors is minimal.
For the case of boundary-layer flows, where two distinct instability mech-
anisms are at work, it is relevant to examine how variations of the base
flow that are beneficial to one type of disturbances can affect the other. To
this aim, we consider modifications of the base flow which are optimal to
reduce the lift-up or the Tollmien-Schlichting mechanism (as presented in
figure 4) and study the resulting flow behavior in the wave-number plane.
∆Um = maxy [U(y)− UB(y)] is used to measure the largest departure of the
modified base flow U(y) from the Blasius profile UB(y) and results are pre-
sented for Re = 500 where most dramatic effects can be seen. Figure 5(a)
depicts the variations of the maximum response Rω when using the profile in
figure 4(a) targeting the streaks to perturb the base flow. The filled symbols
show how the response at α = 0, β = 0.2 varies, open symbols the behavior
of two-dimensional waves with α = 0.3 and β = 0, while the dashed line indi-
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Fig. 4. Wall-normal profile of the gradient of the optimal response to base flow
modification ∇UR for parallel Blasius flow, Re = 400 (a) α = 0 and β = 0.2;
(b) α = 0.3 and β = 0. The thin dashed line indicated the Blasius profile and the
dashed-dotted line in (b) indicates the location of the critical layer. See Brandt et al.
(2011).
cates result one would obtain extrapolating the gradient derived above. When
considering perturbations characterized by α = 0.3, β = 0, however, one can
notice that base flow modifications, positive for streak amplifications, are now
detrimental to Tollmien-Schlichting waves and vice versa. At Re = 500, de-
partures of about 0.5% induces a modal instability of the Tollmien-Schlichting
type. This effect is significantly reduced at lower Reynolds numbers: for ex-
ample at Re = 300, the flow does not become unstable for distortions of the
order of 2-3% and the most dangerous external disturbances are streaks. The
results suggest that large base flow modifications are needed to significantly
affect the nonmodal lift-up effect, a strong limitation coming from the fact
that the flow may become susceptible to time-dependent instabilities. The re-
sults in the figure also suggest the range of validity of predictions based on
the gradient ∇UR computed using the unperturbed Blasius profile, in other
words the validity of the linear approximation. Modifications of the order of
1% of the free-stream velocity can be well captured by the linear model while,
for larger ∆Um, we observe a reduction of the stabilizing effect at negative
values and an increase of the destabilization at positive distortions.
Figure 5(b) reports the case of modifications of the base flow which are opti-
mal to reduce the amplification of Tollmien-Schlichting waves. Data are not
shown for the case of disturbances with α = 0, β = 0.2 since the base flow
modification amplitude considered here do not induce any significant variation
in Rω. Very minute distortion of wrong shape can induce soon an unstable
flow whereas significant reduction can be achieved with the correct modifica-
tions. This indicates that it may be possible to successfully target Tollmien-
Schlichting waves instability and thus stabilize the flow in cases where non-
modal effects are of less importance, e.g. boundary layers on wings with low
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Fig. 5. Flow optimal response versus maximum of the wall-normal amplitude of the
base flow variation ∆Um. Filled symbols are used for forcing with α = 0 and β = 0.2,
while open symbols for α = 0.3 and β = 0; Re = 500. The dashed line indicates the
prediction with the local linear gradient. (a) The Blasius profile is modified by the
gradient in figure 4(a); (b) base flow modified by the gradient in figure 4(b).
levels of ambient vortical disturbances where acoustic waves and roughness
trigger a transition scenario dominated by local convective instabilities. Note
finally that the values of Rω reported are obtained for the same frequency as
in the case of Blasius flow since it has been verified that the frequency of max-
imum response is not changed when altering the base flow. In summary, our
results show that variation of the base flow reducing the streak amplification
can easily lead to more unstable Tollmien-Schlichting waves. Weak variations
of the shear layer close to the wall can largely affect the Tollmien-Schlichting
amplification while have no effect on the lift-up effect.
2.4 Subcritical transition in shear flows
The non-modal amplification of streamwise streaks is thus identified as the
first disturbance growth mechanism in the case of subcritical transition in
shear flows. The transition to turbulence triggered by a localized disturbance
in plane channel flow and the role of streamwise elongated modes was docu-
mented in Henningson et al. (1993). Several later studies considered the role
of streak growth in channel flow transition (Reddy et al., 1998) as a first linear
stage in the transition process.
More recently, using a nonlinear optimisation technique in a periodic computa-
tional domain, few groups have identified the perturbations in canonical shear
flows transitioning with the least initial kinetic energy, the so-called minimal
seed (Pringle and Kerswell, 2010; Monokrousos et al., 2011). These appear
to be spatially localised perturbations and the following route to turbulence
display several known linear mechanisms one after the other: Orr mechanism
(Orr, 1907), lift-up, streak bending and breakdown (Duguet et al., 2010, 2013).
In Cherubini et al. (2010), non-linear optimal perturbations have been com-
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Fig. 6. Sketch of bypass transition in a boundary layer exposed to high levels of
free-stream turbulence. Details of the simulations are reported in Brandt et al.
(2004); Schlatter et al. (2008). Visualization courtesy of Philipp Schlatter.
puted for a Blasius boundary-layer flow. The results show that non-linear op-
timal perturbations leading to transition are formed by vortices inclined in the
streamwise direction surrounding a region of intense streamwise disturbance
velocity. This minimal seed grows very rapidly in time due to the transport
of the base flow momentum by the disturbance (lift-up) along the inclined
vortices, resulting in an amplification of the streamwise velocity disturbance,
which is then dislocated by the initial vortices due to self-interaction of the
perturbation with itself. This mechanism has been called ”modified lift-up”
in Cherubini et al. (2011) since it does not create streaks but Λ-shaped struc-
tures of slow and fast fluids. In the last stages of transition, the redistribution
of the vorticity due to the non-linear mixing induces the creation and the lift-
up of a spanwise vorticity zone (the arch vortex) connecting the two initial
neighboring vortex structures, constituting a main hairpin vortex, which then
releases new vortical structures due to inflectional instabilities related to the
base flow modifications. A similar mechanism of energy growth linked to a
”modified lift-up” have been also found for nonlinear optimal perturbation in
the Couette flow (Cherubini and De Palma, 2013).
2.4.1 Bypass transition
We demonstrate the importance of the lift-up mechanism in the case of the
laminar-turbulent transition in a zero-pressure-gradient boundary layer sub-
ject to high levels of free-stream turbulence, see figure 6. The visualization
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of the transition under free-stream turbulence is extracted from the numer-
ical simulations presented in Brandt et al. (2004); Schlatter et al. (2008) at
supercritical conditions. Streamwise streaks can be seen to form close to the
computational inlet, followed by streaks oscillations and turbulent spots un-
til the flow eventually becomes fully turbulent. Such a scenario is usually
referred to as bypass since the transition occurs bypassing the exponential
growth of the Tollmien-Schlichting waves that would have been observed in
low-noise environments. This is one relevant application where significant en-
ergy growth can be observed when the flow is asymptotically linearly stable
and where a disturbance other than that linearly unstable is found to trig-
ger transition also at supercritical conditions: in this case streamwise elon-
gated streaks induced by the lift-up effect that dominate over the slow viscous
growth of the two-dimensional Tollmien-Schlichting waves. Experiments on
bypass transition first clearly revealed the role of streaks (Westin et al., 1994;
Boiko et al., 1994; Matsubara and Alfredsson, 2001; Lundell and Alfredsson,
2004). From theoretical analyses, it is shown that the upstream perturbations
which undergo the largest possible downstream growth consist of streamwise
counter-rotating vortex pairs at the plate leading edge, see Andersson et al.
(1999); Luchini (2000). The same process of amplification of low-frequency
disturbances is identified also considering periodic vortical disturbances in the
incoming free stream (Schrader et al., 2010, 2012).
After the primary energy growth due to the lift-up effect, the flow is in a
more complicated laminar state where strong nonlinear interactions can come
into play, cf. figure 6. As the streaks grow in strength, they become suscep-
tible to high-frequency secondary instabilities due to the presence of both
wall-normal and spanwise inflectional velocity profiles (Brandt and Henning-
son, 2002; Brandt, 2007). These secondary instabilities manifest themselves in
symmetric and antisymmetric streak oscillations, which are precursors to the
formation of localised regions of chaotic swirly motion, the so-called turbulent
spots (Zaki and Durbin, 2005; Schlatter et al., 2008; Mans et al., 2007), typi-
cally triggered inside the boundary layer by streak interactions and instabili-
ties (see e.g. the recent simulations and experiments in Brandt and de Lange,
2008; Nolan et al., 2010; Nolan and Walsh, 2012). The leading edge of a spot
travels at about the free-stream velocity U∞ while the trailing edge at half
this speed. The spots become therefore more elongated and eventually merge:
a fully-developed turbulent boundary layer is observed.
The bypass transition scenario is observed when the boundary layer is subject
to free-stream turbulence levels higher than 0.5-1% (Fransson et al., 2005).
As described below, the flow reproduces, though on a larger scale, the near-
wall dynamics of wall-bounded turbulence, see e.g. Robinson (1991), and it is
therefore and ideal test configuration for a better understanding and possible
control of turbulent flows (Lundell, 2007; Monokrousos et al., 2008).
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As shown in the figure, in boundary layer exposed to free-stream turbulence,
low-frequency disturbance enter the shear layer and then amplify in the form
of streaks. The ability of the low-frequency modes to penetrate the boundary
layer and the filtering of high frequency disturbances is refereed to as shear
sheltering effect. This was investigated by Jacobs and Durbin (1998) and Zaki
and Saha (2009), see also the recent review by Zaki (2013), and it is a precursor
of the lift-up in boundary layers. The physical interpretation of the sheltering
behaviour of the shear is given in Zaki and Saha and briefly reported here.
The filtering is determined by the ratio of the timescale associated with the
convection of a wave relative to an observer moving at a lower velocity inside
the shear and the timescale of the wall-normal diffusion into the boundary
layer. In the limit of weak shear (small relative velocity) or very long waves, an
observer inside the shear layer is reached by the diffusion of the disturbances
in the free stream as the observer does not see significant variations of the
external disturbances while traveling downstream. Conversely, in the limit
of strong shear (large relative velocity) or short waves, the observer will see
several waves passing by and the net average effect at the observer location will
be small. As summarized in Zaki (2013), when the diffusion time is relatively
short (long waves), an observer inside the shear layer can resolve the free-
stream disturbance that is convected at a relatively higher speed. Under strong
shear, or when the diffusion time is relatively long (short waves), the observer
cannot resolve the free-stream disturbance. Note that disturbances can also be
advected directly inside the shear layer at the leading edge of, e.g. a compressor
or turbine blade (Zaki et al., 2010), as studied numerically in Schrader et al.
(2010, 2012). The combination of forcing form the free stream and inflow
disturbances was discussed in Westin et al. (1994).
3 Turbulent flows
3.1 Turbulent streaks
Streamwise vortices and streaks are also fundamental structures in the near-
wall region of turbulent shear flows where the vortices seem to be directly or
indirectly related to streak instabilities. In fact, the structures identified in
bypass transition show a close resemblance to the ones detected in turbulent
wall flows. Kim et al. (1971) were among the first to clearly show the impor-
tance of local intermittent inflectional instability riding on near-wall streaks in
the bursting events, those associated with periods of strong turbulent produc-
tion. These authors observed three oscillatory types of motion of the streaks:
a growing streamwise vortex, a transverse vortex and a wavy motion in the
spanwise and wall-normal directions. Later experiments by Swearingen and
Blackwelder (1987) compared and related the latter two modes observed in
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Fig. 7. Sketch of the regeneration cycle of wall turbulence, see Hamilton et al. (1995);
Waleffe (1997).
Kim et al. (1971) to the secondary varicose and sinuous instability of stream-
wise vortices measured during transition on a concave wall.
As a consequence of these observations, the linear amplification of stream-
wise elongated structures, the lift-up or algebraic growth, is a key ingredient
in any reduced-order model of turbulence aiming to reproduce self-sustaining
oscillations with a system of ordinary differential equations. The simplest re-
generation cycle proposed to explain the basic dynamics of wall-bounded tur-
bulent flows is probably the one by Hamilton et al. (1995); Waleffe (1997),
see figure 7. This consists of three steps: i) generation of streaks induced by
streamwise vortices (the linear lift-up effect), ii) streak breakdown via inflec-
tional secondary instabilities (bursting events), iii) regeneration of elongated
vortices by nonlinear interactions between oblique modes originating at the
streak breakdown. More complicated models, based on Galerkin projection,
also always need a linear amplification mechanism for transition and sustained
turbulence, the lift-up effect (e.g. Moehlis et al., 2004).
Recently, the computation of optimal energy amplifications has been extended
to turbulent flows. Early attempts have consisted in using the turbulent mean
flow profile in the Orr-Sommerfeld equations while neglecting the Reynolds
stresses associated to turbulent fluctuations (Butler and Farrell, 1993). Fol-
lowing this approach in e.g. turbulent channel flows it is found that the pertur-
bations leading to the maximum growth are streamwise uniform and spanwise
periodic with wavelength about 3h, where h is the channel half-width, which is
almost the same value selected in the laminar case. The typical spanwise spac-
ing of one hundred wall units, characteristic of the near wall region streaks,
is obtained by constraining the optimization to times of the order of the eddy
turnover time (Butler and Farrell, 1993). Progress has been made by using
the eddy viscosity νT (y) associated with the turbulent mean flow to model
turbulent Reynolds stresses in the spirit of early modal linear investigations
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of turbulent channel flows, see Reynolds and Hussain (1972). This results in
Orr-Sommerfeld-Squire operators generalized to include the effect of a non-
uniform viscosity. The first incorrect expression of these operators (del A´lamo
and Jime´nez, 2006) has been amended in later studies (Cossu et al., 2009;
Pujals et al., 2009) to give:
LOS =−iα(U∆− U ′′) + νT∆2 + 2ν ′T∆D + ν ′′T∆, (35)
LSQ=−iαU + νT∆ + ν ′TD, (36)
where ∆ = D2 − k2. Using this approach, without any further restriction on
the optimization times, two peaks for the transient energy growth are found
for α = 0. The main peak scales on external units with an optimal spanwise
wavelength λz ∼ 4h, in fair agreement with the spanwise spacing of large-
scale streaky motions in the outer region; the associated maximum energy
growth increases proportionally to a Reynolds number based on the outer
units Reout = Uch/νT,max (Pujals et al., 2009). The secondary peak, indepen-
dent of the Reynolds number, scales in inner (wall) unit and corresponds to
λ+z ≈ 90, i.e. the most probable spanwise wavelength of near wall streaks (Kline
et al., 1967; Smith and Metzler, 1983). Optimal streaks corresponding to this
secondary peak correspond well to the observed near wall-streaks. Structures
with scales broadly lying between these two peaks correspond to log-layer
streaks. If, instead of the optimal temporal growth, the optimal response to
stochastic or harmonic forcing are considered, the same double-peaked am-
plification curve is obtained when pre-multiplied respectively by the spanwise
wavenumber and its square (Hwang and Cossu, 2010b). Similar results are
found in the turbulent Couette flow (Hwang and Cossu, 2010a), pipe flow
(Willis et al., 2010) and boundary layer (Cossu et al., 2009) where the spatial
transient growth of coherent streaks has also been observed experimentally
(Pujals et al., 2010a).
These recent studies confirm the relevance of the lift-up effect to explain the
presence of streaks in turbulent flows that was anticipated by Landahl (1990).
The coherent streamwise structures can efficiently extract energy from the
mean flow via a coherent lift-up effect. This mechanism is predicted to be po-
tentially active for spanwise scales ranging from those of the near-wall streaks
(roughly one hundred wall units) to those of the large scale motions. This has
been confirmed in more recent investigations (Hwang and Cossu, 2010c, 2011)
where it has been shown that self-sustained turbulent processes are active at
all scales in turbulent channel flow without requiring energy input from either
smaller or larger scales. Furthermore, the coherent lift-up has been used to
enforce passive control e.g. to reduce turbulent drag in pipe flow (Willis et al.,
2010) or to suppress turbulent separation on 3D bluff bodies (Pujals et al.,
2010b).
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A similar linear model-based description of the scaling and location of turbu-
lent fluctuations in turbulent pipe flow is presented in McKeon and Sharma
(2010) and used to understand the behaviour of the very large scale motions.
The model is derived by treating the nonlinearity in the perturbation equa-
tion (involving the Reynolds stress) as an unknown forcing, yielding a linear
relationship between the velocity field response and this forcing. This formu-
lation of the Navier–Stokes equations is designed to examine the receptivity of
turbulent flows to forcing, see also Jovanovic´ and Bamieh (2005). A singular
value decomposition of the resolvent identifies the forcing shape that will lead
to the largest velocity response at a given wavenumber–frequency combina-
tion, as in the receptivity to forcing discussed above. This approach is able to
predict packets of hairpin vortices and other structures in turbulence under
the assumption of a turbulent mean flow (Sharma and McKeon, 2013), demon-
strating once more the importance of linear mechanisms such that identified
by Ellingsen and Palm in turbulent shear flows.
In this context, it is interesting to note the work of Gayme et al. (2011). These
authors study the input-output response of a streamwise constant projection of
the Navier-Stokes equations for plane Couette flow. The results of their analy-
sis agree with previous studies of the linearized Navier-Stokes equations where
the optimal energy amplification corresponds to minimal nonlinear coupling.
On the other hand, the model provides evidence that the nonlinear coupling
is responsible for creating the deformation of the turbulent velocity profile.
This indicates that there is an important tradeoff between energy amplifica-
tion, which can only be induced by a linear mechanism, and the seemingly
nonlinear momentum transfer that produces a turbulent-like mean profile.
3.2 The regeneration of vortical structures and the lift-up mechanism
A full statistical analysis of turbulence production and its connection to the
lift-up effect has been performed by the group in Rome (Gualtieri et al., 2002)
by considering a homogenous shear flow. It is reported here as the fully tur-
bulent counterpart of the phenomenological models discussed above. Indeed
phenomenological models of streak formation and breakdown, similar to those
observed in transitional flows, can be found in Kawahara et al. (1998); Schoppa
and Hussain (1997); Jime´nez and Pinelli (1999); Schoppa and Hussain (2002);
Jime´nez and Simens (2001) and will not be further discussed here.
In the statistically steady state the homogeneous shear flow is characterized
by large fluctuations of the turbulent kinetic energy, see e.g. Pumir (1996).
Such fluctuations can be readily understood and explained in terms of the
corresponding regeneration cycle of vortical structure and the associated lift-
up mechanism. See also the discussion reported in the early studies by Rogers
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Fig. 8. Time history of the spatially averaged turbulent kinetic energy (solid line)
and Reynolds stresses with the sign changed (dotted line). Time is made non-di-
mensional with the mean flow shear S. See Gualtieri et al. (2002).
and Moin (1987); Lee et al. (1990); Kida and Tanaka (1994); Waleffe (1997)
and the recent book by Sagaut and Cambon (2008).
Figure 8 reports a typical history of the spatial average turbulent kinetic en-
ergy and highlights how the energy bursts are correlated to large negative
values of the Reynolds shear stresses. The data are obtained for the sim-
ple case of homogeneous shear flow. The bursts are induced by large energy
injections from the mean flow to the velocity fluctuations due to a lift-up pro-
cess triggered by streamwise vortices. In fact, at the beginning of the energy
growth the instantaneous vorticity field shown in figure 9(a) is characterized
by the presence of quasi-streamwise vortices. Successively the vortices give
rise to instantaneous velocity profiles characterized by the typical ramp and
cliff pattern, see e.g. Pumir (1994); Pumir and Shraiman (1995). The cliffs
are regions of rapid increase of the streamwise velocity in the direction of the
mean gradient in correspondence to spanwise vortex sheets, see figure 9(b).
These cliffs are associated to inflectional points of the velocity profiles or re-
gions of high vorticity using the interpretation by Ellingsen and Palm, and
therefore locally seeds of secondary instabilities. Indeed the sheets become
unstable and eventually roll up into spanwise vortices. The interaction of the
spanwise vortices with the mean flow generates the quasi-streamwise hairpin
structures which induce the observed energy bursts and the associated large
negative Reynolds stress. A similar scenario is presented in the simulations of
Brandt and de Lange (2008) starting with the interactions of nearby laminar
streaks.
After the turbulent kinetic energy maximum, the non-linear interactions are
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Fig. 9. (a) Snapshot of the quasi-streamwise vortices and (b) the associated vortex
sheets during the early stages of the turbulent kinetic energy growth in a homoge-
neous shear flow (see also Gualtieri et al., 2002).
overwhelming and the original ordered vortex structures turns into a random-
ized vorticity field, see figure 10(a). Finally, the mean flow align again the dif-
ferent flow structures, figure 10(b), in correspondence of the energy minimum,
just before the successive cycle starts. This is the process discussed by Moffatt
(1967) and Phillips (1969) using the linearized flow equations. This dynamics,
besides its relevance for turbulence understanding, strongly impacts the trans-
port properties of turbulent shear flows. For instance, in particle laden flows,
the coherent vortices induce an anisotropic structure of the particle concen-
tration field (Gualtieri et al., 2009), which in turn affects both inter-particles
collisions (Gualtieri et al., 2012) and turbulence modulation (Gualtieri et al.,
2013).
The increase of the turbulent kinetic energy can be more quantitatively ex-
plained in terms of the linear lift-up mechanism and the related transient
growth. A non linear mechanism is required instead to justify the saturation
while the break-down of the ordered system of vortices might be explained
by a secondary instability analysis. In Fourier space, as already discussed by
Pumir (1996); Gualtieri et al. (2002), the mode (kx, ky, kz) = (0, 0,±1) gives
the leading contribution to the energy growth. The linearized evolution equa-
tion for this mode reads 
duˆ
dt
= −Svˆ − ν
(
pi
λz
)2
uˆ
dvˆ
dt
= −ν
(
pi
λz
)2
vˆ,
(37)
where S is the mean flow shear and λz the spanwise width of the com-
putational domain. A growing amplitude is therefore expected whenever
S (Re(uˆ)Re(vˆ) + Im(uˆ)Im(vˆ)) < 0. As the energy grows appreciably, the non-
linear interaction with the other modes originate a strong energy transfer to-
wards smaller scales. The characteristic frequency of the energy fluctuations
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Fig. 10. (a) Vortical structures after the energy maximum and (b) in correspondence
of the energy minimum during a cycle in turbulent homogeneous shear flow (see also
Gualtieri et al., 2002).
is determined by the dynamic balance between growth of the basic mode and
energy transfer. The saturation time, i.e. the time of the effective activation
of the nonlinear energy transfer is related to the inviscid time scale S−1, see
e.g Gualtieri et al. (2002); Yakhot (2003). As a consequence, the bursting fre-
quency roughly corresponds to the typical time of production of large scale
velocity/vorticity instability which is the primary forcing mechanism of the
homogeneous shear flow.
As shown by the example above of the homogeneous shear flow, the presence
of a wall is therefore not necessary for the lift-up effect to sustain turbulence.
In shear flows without any constraining walls but with inflectional velocity
profiles, like free jets and plumes, however, inflectional instability also become
important for turbulence generation (Huerre and Rossi, 1998).
4 The lift-up effect in non-Newtonian and multiphase flows
In the first part of this article we have shown how the lift-up effect, or the
algebraic growth of streamwise elongated modes, is a robust mechanism for
disturbance amplification in shear flows and therefore a fundamental ingre-
dient in the dynamics of transition and turbulence. Now, we would like to
present recent as well as new results on the non-modal growth in complex
fluids, i.e. fluids with a micro-structure that cannot be described by a linear
relation between strain and stress.
4.1 Inelastic fluids and viscosity stratification
The effect of viscosity stratification and shear-dependent viscosity on instabil-
ities and transition turbulence has been very recently reviewed by Govindara-
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jan and Sahu (2014). Therefore, we briefly summarize some aspects related
to the algebraic growth in parallel shear flows here, and refer the reader to
this recent and comprehensive review. As shear flows occur typically at high
Reynolds numbers and are therefore expected to be dominated by inertial
effects, one would not expect viscosity variations to alter the instabilities sig-
nificantly. Viscosity contribute dissipation, but it is capable of altering the
phase between the velocity fluctuations, the Reynolds stress, and thus the
production of the disturbance kinetic energy. In addition, variations of the
base flow, and in particular of the shear close to a wall, may have an impact
on the lift-up effect.
The stability of inelastic non-Newtonian fluids has been studied extensively,
and there is consensus that shear-thinning is stabilizing and shear-thickening is
destabilizing. The high-shear regions are typically close to the wall, and shear
thinning and thickening would make the velocity profiles fuller and closer to
being inflectional, respectively. However, the effect on the transient growth is
important in the linearly stable range of parameters and in flows where tran-
sition to turbulence follows the algebraic-growth route. In plane Poiseuille
flows of shear-thinning fluids, with viscosity perturbations ignored, transient
growth is slightly decreased (Chikkadi et al., 2005). With viscosity pertur-
bations obtained approximately by a simple shear-thinning model, transient
growth is slightly increased (Nouar et al., 2007), whereas in Couette flow,
transient growth is increased substantially in a shear-thinning fluid flow (Liu
and Liu, 2011). Thus shear thinning, which damps the leading unstable mode,
can promote turbulence by non-modal mechanisms, still related to the lift-up.
4.2 Viscoelastic fluids
We now consider the case of viscoelastic fluids, fluids with a memory of past
deformations. Among those, we will focus on dilute polymer suspensions that
have been extensively studied due to the reduced drag in the turbulent regime
(White and Mungal, 2008).
Receptivity analysis of channel flow of Oldroyd-B fluids at subcritical con-
ditions is presented in Hoda et al. (2008, 2009), the latter work focusing on
streamwise constant perturbations. There authors show how the lift-up effect,
and the associated amplification of streaks, is still the dominant instability
mechanism also in viscoelastic fluids. Here, we will discuss the non-modal
analysis of Poiseuille flow of a polymer suspension modeled by the FENE-P
closure (Bird et al., 1987). A more detailed analysis is presented in Zhang
et al. (2013), where the effect of the polymer additives on the modal stability
is also considered.
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Fig. 11. (a) Optimal transient growth maxtG(t) versus the streamwise wavenumber
α and the Weissenberg number Wi, the non-dimensional polymer relaxation time,
normalized by the corresponding value for a Newtonian fluid. (b) Time of maximum
growth normalized by the corresponding value for Newtonian fluid. Poiseuille flow
of a polymer suspension with Reynolds number Re = 4000, viscosity ratio ηs = 0.9
and polymer maximum extensibility L = 60. All perturbations are characterized by
a spanwise wavenumber β = 2.
With the FENE-P model, the polymeric stress can be written as
τ¯p =
fC¯− I
Wi
, (38)
where Wi is the Weissenberg number defined as the ratio between the polymer
relaxation time and the flow convective time scale and f ≡ 1
1− C¯kk
L2
is the Peter-
lin function, limiting the maximum polymer extensibility to L, with C¯kk = C¯
the trace of the polymer conformation tensor. The non-dimensional constitu-
tive equations for the evolution of the conformation tensor reads (see e.g. Bird
et al., 1987)
∂C¯
∂t
+ u¯ · ∇C¯− C¯ · (∇u¯)− (∇u¯)T · C¯ = −τ¯ p, (39)
where τ¯ p is related to the conformation tensor by equation (38). The polymeric
stress acts on the momentum balance as
∂u¯
∂t
+ (u¯ · ∇)u¯ = −∇p¯+ ηs
Re
∇2u¯ + 1− ηs
Re
∇ · τ¯ p, (40)
with the viscosity ratio ηs, the ratio between the solvent viscosity and the
total viscosity.
Results of the linear behavior of plane channel flow of a polymer suspensions
are reported in figure 11 for Re = 4000, ηs = 0.9, L = 60 and fixed spanwise
wavenumber β = 2. In the panel (a), we display the optimal transient growth
versus the streamwise wavenumber α and the Weissenberg number Wi, nor-
malized by the corresponding value for a Newtonian fluid. The data indicate
that the transient growth of streamwise independent modes, α→ 0, is not af-
fected by the polymer additives, even increased at the largest Wi considered.
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Fig. 12. Optimal transient growth maxtG(t) versus the spanwise wavenumber β
for Poiseuille flow of a polymer suspension with Re = 6000, Weissenberg number
Wi = 0.9, viscosity ratio ηs = 0.9 and maximum extensibility L = 60. All perturba-
tions are characterized by a streamwise wavenumber α = 0. See text for the legend
explanation.
Interestingly, the amplification of streamwise dependent modes, finite α’s, is
reduced in the presence of polymers, up to about 20%. Note once more that
the largest absolute values of energy growth are observed for low values of
α, the figure reporting solely the variations due to the polymers. The time
of maximum growth, normalized by the corresponding value for Newtonian
fluid, is shown in figure 11(b): very weak modifications are observed in this
case. In summary, the lift-up effect is still the responsible for the largest energy
growth; recalling that the streak growth occurs on a long time scale, we find a
weak destabilization when the time scale of the instability is longer than the
polymer relaxation time, while the flow is more stable when Wi is of the order
of the time over which the amplification is observed (finite values of α).
We would like to conclude by mentioning that the formation of streak is also
found in inertialess polymer suspensions. Transient growth analysis of inertia-
less Couette and Poiseuille flow of viscoelastic Oldroyd-B fluids is presented in
Jovanovic´ and Kumar (2010, 2011). The wall-normal fluctuation of the poly-
mer stress generates the largest transient growth and the stream-wise com-
ponent is the most sensitive to the elasticity in the case of weak inertia. The
stretching of the polymer molecules results in a lift up of the disturbances sim-
ilar to that observed in inertia-dominated Newtonian flows. The effect of this
type of initial perturbation on the transient growth of the streaks in the inertial
regime is reported in figure 12. In the legend, the notation all → fluid indi-
cates that the perturbation at time t = 0 is acting both on the velocity field and
polymer conformation while the output energy is measured by the fluid kinetic
energy only, and similarly for the other curves displayed. The energy growth
is larger than in the Newtonian fluid and of the same magnitude whether the
polymer are initially stretched or not. The case polymer → fluid, not shown
in the figure, gives a negligible growth at the relatively high Reynolds numbers
considered here, Re ≈ O(103); in other words, polymer stretching is not able
to trigger disturbance growth when fluid inertia is relevant.
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4.3 Channel flow with small particles
We examine next the non-modal linear stability of the plane channel flow of
dilute particle suspensions where particles are assumed to be solid, spherical,
heavier than the fluid phase and smaller than the flow length scales; under
these assumptions, the coupling between particle and fluid flow is modeled by
the Stokes drag only. The lift-up process in a channel laden with finite-size
neutrally buoyant particles is presented in the next section. The dynamics of
small inertial particles transported in a flow is crucial in many engineering and
environmental applications. Interestingly, adding dust to a fluid may reduce
the drag in pipe flows (Sproull, 1961). To explain this phenomenon it has
been suggested that the dust delays transition and dampens the formation of
turbulent structures.
A detailed investigation of the modal instability of dusty gases is presented in
Klinkenberg et al. (2011). As shown in earlier studies (Saffman, 1962; Michael,
1964), exponentially growing perturbations show the potential for a significant
stabilization, i.e. an increase of the critical Reynolds number. The largest
stabilization is observed when the ratio between the particle relaxation time
and the frequency of the wave is of order one. After examining the energy
budget this stabilization is attributed to the increase of the dissipation in the
flow caused by the Stokes drag.
In our analysis, we adopt the continuous, or Eulerian, model as Saffman (1962)
and corresponding nomenclature: the particles are assumed to be under the
action of the Stokes drag only, lift force, buoyancy and added mass are ne-
glected. Denoting K = 6piaµ the Stokes drag per relative velocity, with a the
particle radius and µ the fluid viscosity, the particle relaxation to the flow
velocity occurs on a time scale sp = mp/K where mp is the mass of a single
particle. In the limit of high density ratios, particle density over fluid density,
the non-dimensional parameters defining our problem are the Reynolds num-
ber, based on the fluid velocity and the half-channel width Re = ρUh/µ, and,
in addition, the mass fraction f = mp/mf , and the particle relaxation time
Sp = νsp/h
2. The non-dimensional particle relaxation time based on the flow
convective time scale is SR = Sp ·Re.
The linearized stability equation for particle-laden channel flow, casted as
an initial value problem, can be found in Klinkenberg et al. (2011). Note
that for channel flow, the base flow is the parabolic Poiseuille profile also
in the presence of the solid phase. This earlier study focuses mainly on the
amplification of streamwise independent disturbances which are shown to still
be the most amplified. Here, we consider the behavior of streamwise dependent
and independent modes of fixed wavenumber β = 2, as in the previous section
for a dilute polymer suspension.
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Fig. 13. (a) Optimal transient growth maxtG(t) versus the streamwise wavenumber
α and the Stokes number SR for particle-laden channel flow at Re = 3000. (b)
Same as in (a) normalized by the corresponding value for a Newtonian fluid. (c)
Time of maximum growth normalized by the corresponding value for Newtonian
fluid. All perturbations are characterized by a spanwise wavenumber β = 2. The
mass fraction is f = 0.2.
The overall maximum energy growth, maxtG(t), is reported in figure 13(a)
versus the streamwise wavenumber α and the non-dimensional relaxation time
SR for Re = 3000, β = 2 and f = 0.2. In the limit SR → 0 we find passive
tracers, while inertial effects become more and more important at higher val-
ues of SR (the ballistic limit). As in Newtonian fluids, the most dangerous
perturbations are those with α → 0. The modifications induced by the solid
phase on the disturbance amplification are displayed in figure 13(b) where the
data in (a) are divided with the corresponding maximum energy growth in the
flow without particles. The streak transient growth is basically unaffected by
the presence of the solid phase, while a significant stabilization is observed for
2 < SR < 8. This attenuation is found to occur for values of the particle re-
laxation times comparable with the time over which the transient disturbance
growths observed. The same physical mechanisms identified in Klinkenberg
et al. (2011) for model instabilities, increased dissipation, seems to be at work
also for non-modal instabilities. The relative variation of the time at which the
maximum growth is attained is displayed in figure 13(c): the transient growth
is delayed proportionally to the particle volume fraction while the growth of
oblique modes is slightly shorter.
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Fig. 14. Optimal transient growth maxtG(t) versus the spanwise wavenumber β for
a channel flow laden with small particles. The flow Reynolds number Re = 2000,
the viscous particle relaxation time Sp = 0.0025 and mass fraction f = 0.15. The
optimal initial condition consists of fluid or particle velocity or both, denoted re-
spectively as fluid, part and all. The output is measured by the fluid disturbance
kinetic energy or by the total kinetic energy of the mixture. All perturbations are
characterized by a streamwise wavenumber α = 0.
The results in figure 13 are obtained perturbing initially only the fluid velocity
and measuring the fluid kinetic energy at later times. The flow behavior in
the case of different initial perturbations is depicted in figure 14 where we
focus on disturbances characterized by the streamwise wavenumber α = 0. If
perturbing the fluid and particle velocity at time t = 0, we find an increase of
the energy growth with respect to the single fluid case by a factor (1 + f)2;
a decrease by a factor f is instead observed if only the particle velocity is
initially perturbed.
The generation of streamwise streaks via the lift-up mechanism is therefore the
dominant disturbance-growth mechanism in canonical shear flows at subcriti-
cal conditions also in the presence of small heavy particles: the length scales of
the most dangerous disturbances are unaffected while the disturbance growth
is slower. The increase of the non-modal amplification scales with the particle
mass fraction, (1 + f)2, something which can be explained in terms of the ra-
tio between the particle relaxation time, SR, and the time of optimal growth,
tmax ≈ Re. This ratio assumes very low values in the case of the low-frequency
non-modal growth of the streaks, SR/Re ≈ Sp the relaxation time based on
the viscous time scale, and therefore the effect of particles is just that of alter-
ing the fluid density (from here the factor f). Particles have the time necessary
to follow the slow formation of the streaks: the particles increase the solution
density and the Reynolds number of the laden fluid becomes Res = (1+f)Re.
As the optimal growth in unladen flows is proportional to Re2, the presence
of the particles increases the energy gain by (1 + f)2.
The effect of the particle on the full transition process is discussed in Klinken-
berg et al. (2013b), where two bypass scenarios, both characterized by the
streak growth, are investigated. In this study, the authors show that the solid
phase alters the transition to turbulence, and arguably also the self-sustaining
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Fig. 15. Snapshot of particle-laden Couette flow at Reynolds number Re = 600 and
volume fraction φ = 0.05 during the transition to turbulence. For the sake of clarity
only 50% of the particles are displayed.
turbulent cycle, in two ways. First, by reducing the amplification of the oblique
modes particles make the streak more persistent and delay their breakdown:
the flow is less noisy and the streamwise streaks are even more dominant in
the flow. Second, the particles reduce the amplitude of oblique modes and thus
their nonlinear interactions necessary to generate new streaks. In summary,
particles do affect the transition to turbulence and the turbulence (see the
drag reduction studies in e.g. Zhao et al., 2010) not by altering the lift-up
effect but rather by modifying the dynamics of the oblique waves necessary
for the streaks regeneration and breakdown.
The modal and non-modal stability of small spherical particles of density of
the order of that of the fluid is reported in Klinkenberg et al. (2013a). Here,
the Stokes drag, added mass and fluid acceleration are used to describe the
interactions with the fluid. The results indicate that the inclusion of the extra
interaction terms does not induce any large modifications of the subcritical
instabilities in wall-bounded shear flows. The analysis of the Basset history
force (Maxey and Riley, 1983) shows that this force has a negligible effect
on the flow instability. Excluded volume effects, finite-sized particles, may
however have an impact on the flow stability as discussed in the next section.
4.4 Finite-size neutrally-buoyant particles
We conclude our survey on the algebraic instability of non-Newtonian flows by
examining the case of a suspension of neutrally buoyant finite-size particles,
i.e. particles whose radius a is comparable with the flow scales. In particular,
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we shall examine Couette flow at two Reynolds number, Re = 350 and Re =
600 in order to first document the effect of the solid phase on the transient
growth of the streaks and then the complete transition to turbulence. The
ratio between the channel half width h and a is h/a = 18 and h/a = 10,
respectively. The Reynolds number is based on the velocity of the two walls,
Uwall, and the half channel width.
The simulations are performed with the Immersed Boundary Method to fully
resolve the coupling between the fluid and solid phase; in this particular imple-
mentation a Lagrangian mesh is used to track the particle surface in the fluid.
The numerical algorithm coupling finite-sized moving particles with the sur-
rounding fluid flow was originally developed by Uhlmann (2005) and later ex-
panded by Breugem (2012), to model the interactions of multiple inert spheres
with second order accuracy. The near field interactions and collisions between
neighboring particles and solid surfaces are modeled using both a corrective
lubrication force and the soft-sphere collision model. The method was recently
used to investigate the rheology of semi-dilute and dense suspensions in the
inertial regime (Picano et al., 2013) as well as active suspensions (Lambert
et al., 2013), where several validations have been performed.
The optimal initial condition for the single phase fluid of wave vector α = 0
and β = 2pi/Lz, with Lz the spanwise dimension of the box, is imposed at
t = 0. For the case of higher Re, a three-dimensional disturbance of wave
vector α = 2pi/Lx and β = 2pi/Lz is also forced to trigger the transition to
turbulence; its energy is 1/9 of that of the streaky mode (Duguet et al., 2010).
Periodic boundary conditions are implemented in the streamwise and spanwise
direction whereas Dirichlet conditions, U = ±1, are imposed at the walls. As
mentioned above two configurations are examined: i) Re = 350 and domain
size of 3h × 2h × 3h in the streamwise, wall-normal and spanwise directions;
and ii) Re = 600 and domain size of 6h×2h×4h, the latter to have sustained
turbulence. The resolution is 432 × 288 × 432 grid points for the first and
480×160×320 in the second configuration; in each case we used 16 points per
particle diameter. A visualization of the flow is presented in figure 15 for the
second configurations and the highest volume fraction considered, φ = 0.05;
only half of the particles are displayed for clarity.
The disturbance growth for the configuration with lower Reynolds number is
displayed in figure 16. Here, the disturbance is measured as the integral over
the computational domain of each of the velocities where the base Couette
profile is subtracted from the streamwise component. The initial condition is
chosen to give a moderate streak amplitude at the time of maximum growth,
∆U ≈ 0.27Uwall, so that nonlinear effect are not important, secondary insta-
bility far to come, and the disturbance evolution is close to the linear case in
the absence of particles (denoted as Newtonian flow in the figure). The curves
of the urms clearly indicate that the transient growth of the streaks is still
32
0 50 100 1500
0.02
0.04
0.06
 
 
Newtonian
φ = 0.005
φ = 0.01
φ = 0.05
0 50 100 1500
1
2
3
4
5x 10
−3
 
 
(a)
urms
t
(b)
vrms
t
Fig. 16. Time evolution of the optimal initial disturbance in particle laden Couette
flow at Re = 350 with domain size 3h× 2h× 3h and particle radius a = h/18. (a)
Streamwise velocity perturbation. (b) Wall-normal velocity perturbation for differ-
ent values of the volume fraction φ.
evident in the flow, with a reduction of about 15% only for the highest volume
fraction considered. The vrms decays monotonically in the Newtonian case as
streamwise independent disturbances are only subject to viscous forces. The
finite-size particles act as an extra localized forcing to the flow and the decay of
cross-stream disturbances is therefore slower and almost completely quenched
when increasing the particle volume fraction φ. Flow visualizations around
the time of maximum urms show a pair of streamwise streaks of more irregular
shape in the presence of the solid phase. Interestingly, the final decay of the
streaks, t > 120, is slower due to the continuous forcing by the particles, and
the streamwise correlation of the structures decreases.
Next, we examine the flow at higher Reynolds number and with larger parti-
cles, h/a = 10, to see whether the presence of the particles, weakly affecting
the lift-up process at moderate disturbance amplitudes, has an effect on the
full transition process as done in Klinkenberg et al. (2013b) for small parti-
cles. The results from these simulations are displayed in figure 17. The pres-
ence of the optimal oblique mode explains the initial growth of vrms; the time
of transition is not altered by the presence of a solid phase and the level of
fluctuations in the turbulent regime is also weakly dependent on the volume
fraction, at least for the cases considered here. The transition to turbulence
follows therefore the bypass scenario: growth of streamwise streaks and sec-
ondary instability once they have reached high enough amplitude. The flow
at the time of maximum urms for the case φ = 0.05 is displayed in figure 15
to show the bending of highly irregular streaks prior to breakdown (cf. Cossu
et al., 2011).
It is also interesting to note that the oscillations of vrms, indicative of the differ-
ent stages of the turbulence self-sustaining cycle, become less and less evident
when increasing the volume fraction φ. This is an indication of a change in the
structure of the turbulent flow of a suspension and will be discussed elsewhere.
To conclude, we note that the presence of finite size particles does not signif-
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Fig. 17. Time evolution of the disturbance energy during transition to turbulence in
particle laden Couette flow at Re = 600 with domain size 6h× 2h× 4h and particle
radius a = h/10. (a) Streamwise velocity perturbation. (b) Wall-normal velocity
perturbation for different values of the volume fraction φ.
icantly affect the lift-up process and therefore the following bypass transition
to turbulence, confirming once more how this is a very robust process in shear
flows, leaving a ”permanent scar” in the flow (Landahl, 1975). As next steps,
it will be worthy investigating the flow behavior at higher volume fractions
(a challenge from a computational point of view) to characterize how transi-
tion changes in the dense regime. The experiments by Matas et al. (2003) in
a particle-laden pipe flow show a non-monotonic behavior of the transitional
Reynolds number when increasing φ, a fact that cannot be explained solely
by the increase of the system viscosity due to the presence of the particles.
5 Conclusions
Elongated flow structures consisting of positive and negative streamwise per-
turbation velocity alternating in the spanwise direction, the streaks, are ubiq-
uitous in transitional and turbulent shear flows. This is due to the lift-up
effect: particle displaced in the cross-stream direction will initially retain their
horizontal momentum and thus induce a perturbation in the streamwise ve-
locity. Eventually viscosity will diffuse this momentum difference and damp
the disturbance: however, in most cases, the disturbance is strong enough to
generate strong localized shear layers and trigger new secondary instabilities.
Ellingsen and Palm (1975) showed that streamwise-independent perturbations
in the cross-stream velocity will remain constant in the inviscid limit and
induce a streamwise velocity disturbance that grows linearly in time. When
the disturbance wave vector has an angle with the respect to the flow direction,
the induced horizontal velocity disturbance resulting from the lift-up of a fluid
particle by the normal velocity is anyway such that the horizontal momentum
in the direction perpendicular to the wave number vector is conserved in the
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inviscid limit. The total amplification of the disturbance is however lower when
the initial perturbation has a component in the flow direction. The optimal
perturbation consists therefore of waves with wave vector orthogonal to the
flow direction, i.e. streamwise-independent spanwise periodic waves.
The lift-up effect is identified has a key ingredient in subcritical transition in
shear flows as well as one of the building blocks of wall-bounded turbulence,
as shown in the first part of this review. Here we would like to conclude by
noting an important point. Linear growth mechanisms are the only responsi-
ble for disturbance growth in shear flows, where nonlinear terms re-distribute
energy and give zero net contribution when integrated over the whole con-
trol domain, see discussion about the Reynolds-Orr equation in Drazin and
Reid (1981); Schmid and Henningson (2001). Henningson (1996) discusses the
role of linear terms in the transition and notes that, as a consequence of the
Reynolds-Orr equation, the growth rate of a finite amplitude disturbance can,
at each instant of its evolution, be found from an infinitesimal disturbance
with identical shape. Thus, the instantaneous growth rate of a finite ampli-
tude disturbance is given by mechanisms present in the linearized equations
and the growth of a finite amplitude disturbance can be regarded as a sum of
growth rates associated with the linear mechanisms. In shear flows, the main
linear mechanism for transient disturbance growth is the lift-up effect that
produces high and low speed streaks in the streamwise velocity.
In the same spirit, the importance of linear processes in wall-bounded tur-
bulent shear flows has been investigated through numerical experiments in
Kim and Lim (2000). It is shown that the linear coupling term in the Orr-
Sommerfeld–Squire system, −iβU ′vˆ in equation (23), responsible for the non-
normality of the system, plays an important role also in fully turbulent flows.
Near-wall turbulence indeed decays without the linear coupling term. It is also
shown that near-wall turbulence structures are not formed in their proper
scales without the nonlinear terms in the NavierStokes equations, thus in-
dicating that the formation of the commonly observed near-wall turbulence
structures are essentially nonlinear, but their maintenance relies on the lin-
ear process. Jime´nez (2013) discusses the importance of linear mechanisms in
turbulence and in particular the role of Orr’s inviscid mechanism in the tran-
sient amplification of disturbances in shear flows in the context of bursting in
the logarithmic layer of wall-bounded turbulence. He shows how the nonlinear
counterpart of the Orr mechanism (Orr, 1907) is responsible for the regenera-
tion of streamwise elongated structures, thus a step ahead of the lift-up effect
inducing new streaks in the near-wall region. The disturbances produced by
the streak breakdown are amplified by an Orr-like transient process drawing
energy directly from the mean shear, rather than from the velocity gradients
of the streak.
In the second part of this work, we report recent and new results pertain-
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ing the lift-up effect in complex fluids, in particular non-Newtonian fluids,
polymer suspensions and particle-laden channel flows. In these flows, we still
identify the lift-up effect as the most dangerous mechanism for the distur-
bance growth. In the cases considered here, this is explained by the differ-
ence between the time scale over which streaks are formed and the time scale
of the interactions between the flow and the suspended phase (polymer and
particle relaxation times). Indeed, stabilization is observed for the growth of
streamwise-dependent disturbances whose time evolution is faster than that
of the elongated streaks. In the future, it would be interesting to relate these
modifications to the different dynamics of near-wall turbulence in particle-
laden flows. In particular, the case of finite-size particles may deserve further
attention as the flow is in a chaotic state because of the continuous forcing by
the particles.
To conclude, the lift-up effect is a relatively simple physical mechanisms leav-
ing a permanent scar in wall-bounded shear flows.
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